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Abstract
We show that the RG flow equation for the cosmological constant (CC) receives contributions
(in addition to those coming from the CC the Einstein-Hilbert term and R2 and R2µν terms) only
from terms with just two powers of curvature, but having also powers of the covariant derivative,
in the Wilsonian effective action. In pure gravity our argument implies that just considering f(R)
theories will miss this effect which arises from terms such as “R”n“R”, n = 0, 1, 2, . . .. We expect
similar contributions for the flow equation of the Einstein-Hilbert term as well. Finally we argue
that the perturbative ghosts coming from curvature squared terms in the action are in fact spurious
since they are at the cutoff scale and can be removed by (cutoff dependent) field redefinitions.
† dealwiss@colorado.edu
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1 Introduction
The Wilsonian effective action [1] with a cutoff scale Λ for a QFT (including quantum gravity with
or without coupling to matter), evaluated at some momentum or curvature scale ∂2φ/φ, R ≪ Λ2
may be written as an infinite series of local operators
IΛ =
∑
g¯A(Λ)ΦA[φ]. (1)
The conceit of the asymptotic safety (AS) program is that this action is ultra-violet complete in
the sense that the limit Λ → ∞ exists, and that only a finite (and hopefully small) number of
these operators need to be determined by experiment. In order to validate this conjecture it is
necessary to use a convenient form of the renormalization group and a truncation of this infinite
set of terms to a manageable set.
While there are alternative versions of the renormalization group equation1 for the Wilsonian
action, a particularly convenient formulation that is useful for studying the question of asymptotic
safety [5, 6]2, close in spirit to Polchinski’s equation [10] was derived in [11]. In this short note we
will use this equation to argue that the RG equation for the cosmological constant (and plausibly
also the gravitational coupling constant) does not acquire corrections from higher derivative terms
such as RN , RNµν , N > 2. In explicit calculations in a different scheme using the Wetterich equation
[12] up to N ∼ 30 for Ricci scalar terms, these corrections have been found to be suppressed3.
However we also point out that terms which will contribute are those such as RNR, which
(except for the case N = 0) have not been computed so far4. Finally we discuss the elimination of
(perturbative) ghosts typically associated with curvature squared terms [16] by a (scale dependent)
redefinition of the metric, which will effectively eliminate additional contributions to the propagator
since all “R2” terms can be removed from the action. Essentially what this shows is that since the
putative ghost is at the cutoff scale it is in fact an artifact of the cutoff. This is of course consistent
with what happens in string theory and in fact we borrow an argument due to Deser and Redlich
[17] given in that context.
2 Pure gravity case
Let us write the Wilsonian action with a UV cutoff Λ for the pure gravity case as an infinite series
IgravΛ =
ˆ
d4x
√
g[Λ4g0(Λ) + Λ
2g1(Λ)R + (g2a(Λ)RµνR
µν + g2b(Λ)R
2 + g3bR....R
....)
+Λ−2[(g3a(Λ)RRµνR
µν + . . .) + (g
(1)
3a RR + . . .) +O(Λ
−4)]
+I
(G.F.)
Λ + I
(ghost)
Λ . (2)
One might ask whether this series is convergent or merely an asymptotic expansion. This question
obviously arises even if the UV limit of all the couplings of the theory exist. In the corresponding
1For reviews see [2, 3, 4].
2For reviews of the recent literature see [7, 8, 9].
3See for example [13] (and references therein) where it is also speculated that this suppression extends to all
higher derivative terms.
4Theories with higher derivatives of this form seem to have been first considered in [14] where a calculation of
the cosmological beta function can also be found. A suggestion for performing calculations beyond the constant
curvature background calculations given in the asymptotic safety literature (as for example in [9]) was made recently
in [15].
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expansion in string theory it is in fact a convergent expansion with a radius of convergence of the
order of the string scale. It is essentially like the expansion of the propagators 1/(p2 + M2s ) in
powers of p2/M2S at low energies (with Ms the mass of a string excitation). For p
2 > M2s of course
one needs to replace the field theory by string theory.
In the AS case one might ask what is this infinite series an expansion of. Indeed it is not clear
to the author whether this question is even meaningful. We will nevertheless assume that the series
makes sense (converges) for ∂2/Λ2 < 1 and the UV limit will be taken satisfying this constraint.
The coupling constants satisfy RG equations of the form
g˙A + (4− nA)gA = ηA({g}), (3)
where nA is the canonical dimension of the corresponding operator and the LHS is in principle
dependent on all the couplings in the effective action. If we truncate the system to the first two
operators then the RG equations are (with x˙ ≡ Λdx/dΛ)
g˙0 + 4g0 =
1
(4pi)2
[10e−g0/g1 − 4], (4)
g˙1 + 2g1 = − 1
(4pi)2
1
3
[13e−g0/g1 + 5]. (5)
Now it has been observed “experimentally” (i.e. by explicit calculation in truncated theories),
that these equations are corrected by the addition of R....R
...., R..R
.., R2 terms but are remarkably
stable under the addition of higher powers of the Ricci scalar, i.e. for a gravitational theory of the
form f(R).
Let us first consider the higher derivative corrections to the CC equation since they can be
computed in flat space. We will also ignore gauge fixing and ghost action terms since they are
irrelevant for the point we wish to make. Of course this does not mean that they do not contribute
to the running of the CC of the gravitational coupling constant, in fact their contribution has been
included in (4)(5). But here we just want to highlight the contribution of a entire class of higher
derivative operators that have been ignored hitherto.
We will use the equation
Λ
d
dΛ
IΛ[φc] =
1
2
k
d
dk
Tr lnKk,Λ[φc]|k=Λ = Tr exp{− 1
Λ2
δ
δφc
⊗ δ
δφc
IΛ[φc]}, (6)
which was derived in [11] to calculate the contributions of higher derivative terms in (2) to the
RHS of (4)5. These terms can be calculated without invoking the full machinery of the covariant
heat kernel expansion (and its generalizations). This is because after performing the differentiation
on the RHS of (6), the curvatures can be set to zero, as what we need on the LHS is the coefficient
of the unit operator.
Let us begin with the flat space heat kernel,
H0(x; y) =< x|e−s0pˆ2|y >= 1
(2pi)4
(
pi
s0
)2
e−(x−y)
2/s0 ; s0 ≡ 1
Λ2
, pˆ = −i∂ (7)
The last step was taken by going to momentum space and doing a Gaussian integral. This simple
relation is the basis of the heat kernel expansion in curved space but its applicability is clearly
5In the RHS of the first equality of (6) we’ve introduced the kinetic operator K of the theory in a background
field φc with an IR cutoff k and a UV cutoff Λ. So in terms of the proper time representation we’ve defined
lnKk,Λ[φc;x, y] = − < x|
´ 1/k2
1/Λ2
ds
s e
−Kˆ[φc]s|y >. For more details see [11].
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restricted to two derivative kinetic terms. However here we need to evaluate the heat kernel when
the kinetic term contains all higher powers of pˆ2 (as well as more complicated operators which we
ignore here). Consider then an operator of the form
Kˆ = pˆ2 + s0h1(pˆ
2)2 + s20h2(pˆ
2)3 + . . . = pˆ2 +
∞∑
n=1
sn0hn(pˆ
2)n+1.
Now we may write
H(x; x) = < x|e−s0Kˆ|x >= e−
∑
∞
n=1
sn+1
0
hn
∂
n+1
∂sn+1 < x|e−spˆ2 |x > |s=s0
= e−
∑
∞
n=1 s
n+1
0
hn
∂
n+1
∂sn+1
1
(2pi)4
(pi
s
)2
|s=s0 ≡
1
16pi2
G(h)Λ4. (8)
Suppose we are interested in the contributions to the RHS of the RG equation for the CC - namely
the equation (4). Then in calculating the relevant terms in Kˆ we can set the background fields (in
particular the curvatures) to zero after performing the differentiation that define the background
field dependent kinetic operator. Schematically this is tantamount to setting δR ∼ κδg and
taking the limit R → 0 after differentiation. Clearly the contributions to K will only come from
the Einstein-Hilbert term, the “R2” terms and terms of the form RnR. In particular none of the
higher than quadratic powers of a truncation of the form f(R) =
∑
anR
n, will contribute to the
RG of the CC.
Thus the RG equation for the CC is corrected from (4) to be of the form
g˙0 + 4g0 =
1
16pi2
[10e−g0/g1 − 4 + e−λˆ1 +G(h)]. (9)
This then explains why in f(R) theories the RG equation for the CC is not affected beyond
the R2 terms. We expect a similar result to hold for Newton’s constant GN though in that case
the flat space argument that we gave above will need to be modified. For instance in analogy with
the above argument one expects the class of operators of the form knR
2

nR to contribute to the
beta function equation for g1 modifying (5) to
g˙1 + 2g1 = − 1
(4pi)2
1
3
[13e−g0/g1 + 5 +H(k)], (10)
where H(k) is in principle a computable function of the set {kn} for which however we are unable
at this point to give an explicit expression like (8).
In other words the above calculation suggests that the RG equations (and hence the non-trivial
fixed points) for the lowest order operators in Einstein gravity with a cosmological constant, may
be seriously affected once one includes higher derivative operators of the above classes. Of course
it may turn out that the fixed point values of the couplings hn, kn are indeed small as was the
case with couplings of other higher dimensional operators. It is nevertheless important check this
directly since a priori one would expect them to be O(1) numbers.
Note that the issue here is not the scaling dimensions of these higher dimensional operators
near the UV fixed point. Indeed it may well be that these are essentially given by their canonical
values with small corrections so that all these operators would then be irrelevant. Thus their
couplings would have to be set equal to their fixed point values so as to be on the critical surface.
However if these values are of O(1) then it would be difficult to establish the existence of an RG
trajectory joining the UV fixed point of the theory to the IR fixed point where current experiments
are done.
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3 Scalar field theory
Let us now add a (scalar) matter action of the form
ImatterΛ =
ˆ
d4x
√
g[Z(φ2/Λ2)
1
2
φ(−)φ + V (φ,Λ) + ξ(φ,Λ)R+O(∂4)], (11)
with
V (φ,Λ) =
1
2
λ1(Λ)Λ
2φ2 +
1
4!
λ2(Λ)φ
4 +
1
6!
λ3(Λ)Λ
−2φ6 + . . . , (12)
Z
(
φ2
Λ2
)
= Z0 +
1
2
Z1
φ2
Λ2
+ . . . (13)
ξ (φ,Λ)) =
1
2
ξ1φ
2 +
1
4!
ξ2
φ4
Λ2
+ . . . (14)
The situation here is very similar to the case of pure gravity. If we ignore operators of the form
φnmφ with m > 1 then the RG equation for the potential is not affected. But inclusion of
these terms can seriously affect in principle the evolution of the couplings in the potential. Let us
consider this in more detail.
In order to highlight the issue it is enough again to simply consider the flat space case. Consider
a set of higher derivative terms of the form (s0 ≡ 1/Λ2)
1
2
φ
∞∑
n=2
zn−1s
n−1
0 (−)nφ.
The usual kinetic operator Kˆ = pˆ2 then gets replaced by
Kˆ = pˆ2 +
∞∑
n=1
zns
n
0 (pˆ
2)n+1.
Now if we ignore the higher derivative terms in Kˆ we have the local potential equation for a scalar
field theory;
Λ
d
dΛ
VΛ(φ) =
Λ4
16pi2
e−Z
−1
0
V
′′
(φ)/Λ2 . (15)
This gives an infinite set of RG equations for the couplings λˆi ≡ λi/(Z0)i of (12) of the form
˙ˆ
λn + (nγ˙ + (4− 2n))λˆn = (2n)! Λ
4
16pi2
e−Z
−1
0
V
′′
(φ)/Λ2 |φ2n, (16)
(with γ = lnZ0) where the RHS carries an instruction to pick the coefficient of φ
2n in the expansion
of the exponential in powers of φ2. For instance we have for the first few couplings,
˙ˆ
λ1 + (2 + γ˙)λˆ1 = − e
−λˆ1
16pi2
λˆ2 (17)
˙ˆ
λ2 + (0 + 2γ˙)λˆ2 =
e−λˆ1
16pi2
(3λˆ22 − λˆ3), (18)
˙ˆ
λ3 + (−2 + 3γ˙)λˆ3 = e
−λˆ1
16pi2
6!(− 1
3!× 8 λˆ
3
2 −
1
2× 4! λˆ2λˆ3 −
1
6!
λ4), (19)
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etc. Thus it would appear that one is able to iteratively solve for a (non-trivial) fixed point
(λˆn = λ
∗
n;
˙ˆ
λn = 0, γ˙ = 0, ∀n in terms6 of λ∗1. For instance given a value λ1 = λ∗1 6= 0 the first
equation above determines λˆ∗2, the second equation then determines λˆ
∗
3, the third λˆ
∗
4 and so on for
all the couplings in the potential, which is therefore determined at the fixed point as an infinite
series. This fixed point however depends on λ1 which is arbitrary, and hence we appear to have a
fixed line 7 parametrized by λ1. However this is probably an artifact of the truncation/iteration.
In fact the investigation of scalar field theory in this so-called local potential approximation
(LPA) is an old subject with conflicting claims8. Clearly the infinite series for the potential at
a non-trivial fixed point (with λ∗1 6= 0) will be convergent only for φˆ ≡ φ/Λ < O(1). If on the
other hand one requires the potential Vˆ = V (φ)/Λ4 = V (φˆ) to exist for all φˆ then the continuous
scaling dimension solutions implied by the above iterative analysis will not give a true solution
and the theory will remain trivial [19][21]. Also the analysis below introduces an additional layer
of uncertainty to the claims of [18, 22].
The investigation of scalar field theory in this so-called local potential approximation (LPA) is
an old subject with conflicting claims. See for example [18][19] for the original dispute, and [20][21]
for more recent work with references to the earlier literature. Clearly the infinite series for the
potential at a non-trivial fixed point (with λ∗1 6= 0) will be convergent only for φˆ ≡ φ/Λ < O(1).
If on the other hand one requires the potential Vˆ = V (φ)/Λ4 = V (φˆ) to exist for all φˆ then the
continuous scaling dimension solutions implied by the above iterative analysis will not give a true
solution and the theory will remain trivial [19][21]. The analysis below introduces an additional
layer of uncertainty to the claims of [18, 22].
However one cannot ignore the higher derivative terms - there is no reason a priori to assume
that dimensionless numbers zn are small. The local potential equation gets replaced by (see
equations (6)-(8)),
Λ
d
dΛ
VΛ(φ) = F (z)
Λ4
16pi2
e−Z
−1
0
V
′′
(φ)/Λ2 , F (z)
Λ4
16pi2
≡ e−
∑
∞
n=1 s
n+1
0
zn
∂
n+1
∂sn+1
1
(2pi)4
(pi
s
)2
|s=s0≡1/Λ2 . (20)
Thus without any knowledge of the (infinite) number of higher derivative couplings zn, one cannot
really extract any useful information from this (exact!) equation. In particular the fixed line
that appears to exist in the iterative solution that ignored the higher derivative couplings, may
be destabilized. One cannot really evaluate the potential at the fixed point without knowing the
function F (z∗) at the unknown fixed point values of all these higher derivative couplings - which
may or may not have finite values!
3.1 Coupling to gravity
Now let us consider the ramifications of the above, firstly to scalar field theory coupled to gravity,
and then to the standard model coupled to gravity.
Once the coupling to gravity is included the evolution of scalar field couplings gets modified.
6In general we should allow for the possibility that the anomalous dimension η ≡ 12 γ˙ at a fixed point is non-zero
as in the Wilson-Fischer case, although it is zero at the trivial fixed point . We’ve ignored this possibility for
simplicity since one needs to go beyond the local potential equation to discuss this.
7
8See for example [18][19] for the original dispute, and [20][21] for more recent work with references to the earlier
literature.
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The mass term and the quartic coupling equations (17)(18) for instance, get replaced by
˙ˆ
λ1 + γ˙λˆ1 + 2λˆ1 = − e
−λˆ1
16pi2
F (z)[
λˆ2
2
− 1
8
gN λˆ
2
1] +
5
(4pi)2
e2λCCgN λˆ1, (21)
1
4!
(
˙ˆ
λ2 + γ˙λˆ2) =
e−λˆ1
16pi2
F (z)(
1
8
λˆ22 −
1
4!
λˆ3 +
1
3
1
g1
λˆ2λˆ1) +
4gNe
2λCC
(4pi)2
1
4!
λˆ2. (22)
In the above we have defined 16piGN(Λ)Λ
2 ≡ gN ≡ −1/g1 the dimensionless Newton constant. It
should be emphasized that the last term in each of the above eqns. (21)(22) is a quantum gravity
effect and in particular the contribution to the quartic coupling in the second equation is in fact
crucial to the Shaposhnikov-Wetterich argument for the Higgs mass[23]. Of course such terms will
not appear in background gravity calculations such as those in [24, 25].
Similarly the gravitational equations acquire some matter contributions so that (4)(5) are
replaced by λCC ≡ gNg0,
λ˙CC + 2λCC =
gN
16pi2
[(5− 13
3
λCC)e
2λCC − (2 + 5
3
λCC) + e
−λˆ1(
1
2
− 1
6
λCC(1− 6ξˆ1))
+
3G(h)− 2λCCH(k)
6
], (23)
g˙N − 2gN = − g
2
N
16pi2
1
3
[
13e2λCC + 5 +
1
2
e−λˆ1(1− 6ξˆ1) +H(k)
]
.
If one ignores the higher derivative corrections F,G,H that we discussed above, this system
appears to admit a non-trivial fixed point. For instance the last two equations along with the (21)
seems to have a fixed point solution in terms of two undetermined parameters λˆ1, λCC which can
be treated as free parameters.
However once one includes the above mentioned higher derivative operators these equations
are corrected by the function G(h) defined in (8), another function H(k) of the couplings k of
the RnR2 type terms (see equation (10)), and the function F (z) in (22). Unfortunately a priori
there does not seem to be any reason why these extra terms should be negligible at a fixed point.
In particular the existence of a (physically required) positive fixed point value g∗N would appear to
depend on the sign and magnitude of H(k∗). However it is perhaps reasonable to assume that the
infinite series represented by H(k∗) converges to an O(1) number leaving the original conclusion
about g∗N unchanged.
3.2 The standard model
One of the striking successes of the asymptotic safety program is the calculation of the Higgs
mass [23]. This was in fact a prediction, since the calculation was done well before the Higgs
was discovered at the LHC. So it is important to understand how this came about and what
assumptions went into it. In particular one may worry that the series of higher derivative terms
discussed above may affect this calculation and destroy its agreement with experiment.
However the prediction of the Higgs mass is actually unaffected by these extra terms provided
the assumption of a non-trivial fixed point for the standard model coupled to gravity remains valid
(with positive g∗N), in the presence of these extra terms, and the sign of the gravitational correction
to the beta function of the Higgs self-coupling remains unchanged. The latter is essentially the last
term on the RHS of (22) and appears to be independent of the additional corrections discussed
in this note. In particular of course the existence of a trajectory connecting the trivial IR fixed
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point to the non-trivial UV fixed should persist in the presence of these terms. If that is the case
the crucial argument [23] that the Higgs self-coupling is irrelevant at the UV fixed point, so that
its value should be set to its fixed point value namely zero, will persist and we would recover the
prediction of the Higgs mass. The same appears to be true for the calculation of the top quark
mass in [26]9.
4 Elimination of curvature squared terms and removing a
ghost
Finally we would like to make some remarks about the curvature squared terms that we have
considered in this paper and the issue of the spin two ghost that appears to be present in such
theories [16].
It is well known that curvature squared terms R2, R2µν , R
2
µνλσ terms can be replaced by the
Euler density - which gives no contribution to the scattering amplitudes. This is accomplished by
a (scale dependent in our case) (metric) field redefinition of the form
gµν → gµν + b0Rµν + b1Rgµν (24)
which (with an appropriate choice of the coefficients bi) will remove the Ricci scalar and tensor
squared terms in equation (2) and replace the Riemann squared term by the Euler density. As is
well known such a redefinition is expected to leave the physical results of the theory (the S-matrix)
unchanged. Of course this does not mean that the RG equations for the coefficients g2a, g2b, g2c are
eliminated since in deriving these equations we worked in a field basis which is cutoff independent -
the cutoff dependence coming entirely from the coupling constants. However in order to accomplish
the replacement of the quadratic terms by the Euler density, the field redefinition above clearly
must be cutoff dependent - thus we can no longer take the redefined fields to be cutoff independent,
hence the flow of these terms will contribute in a different way. Also this field redefinition will
change all higher order couplings in a bi dependent way, though since the original action by
definition must contain all terms which are consistent with the symmetries of the theory this will
simply redefine the coefficients of these terms.
What is however somewhat less well known is the fact that all terms that are quadratic in
curvature with additional derivatives can be eliminated by a (scale dependent) field redefinition.
This appears to have been first observed by Deser and Redlich [17]. They argued that by making
repeated use of Bianchi identities any term in the action involving just two Riemann tensors, but
also (necessarily even say = 2n 6= 0) powers of the covariant derivative, can always be written in
the form
4Rµν
nRµν − RnR +O(R3) + total derivatives.
Thus the entire collection of terms in the action that are just quadratic in the curvatures (but
with arbitrary numbers of derivatives), up to the Euler density term, total derivatives and higher
powers of the curvature can be written in the form
L ∼ √g[a1RµνRµν + a2R2 +
∑
n=1
(a
(n)
1 Rµν
nRµν + a
(n)
2 R
nR)]. (25)
9In [27] it has been argued that higher dimension operators may not affect the AS results for standard model
couplings.
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However all such terms can be removed by a generalization of the field redefinition (24) of the
form,
gµν → gµν + b0Rµν + b1Rgµν +
∑
n=1
(b
(n)
1 
nRµν + b
(n)
2 
nR). (26)
Thus one can eliminate all curvature squared terms (apart from the Euler density which does not
give any contribution to amplitudes in perturbation theory), from the Lagrangian. This implies
that the graviton propagator in this transformed basis is the same as in the Einstein theory. Hence
it appears that one could eliminate the perturbative spin two ghost found in R2 theories by Stelle
[16]. Similar arguments could be used to eliminate all higher derivative terms which are quadratic
in the scalar field φ such as φnφ.
Let us now discuss the relevance of this observation to the discussion of higher derivative
contributions to the beta functions in this paper, and more generally to the AS program as a
whole.
The coefficients a
(n)
i , n ≥ 0 in equation (25) are cutoff dependent. Therefore the coefficients
b
(n)
1 are necessarily cutoff dependent. However as mentioned earlier, when we computed the beta
functions we worked in a basis where the fields (including the metric), were taken to be independent
of the cutoff with the only dependence on Λ coming from the coupling constants. If we assumed
that for the old basis of fields, this is no longer true for the new basis so one would have to rederive
the beta function equations, with the metric now being dependent on the cutoff. Alternatively one
may start with the basis in which the R2 terms are absent, and take the fields to be independent
of the cutoff as before. However the RG evolution will generate these terms again. Clearly this
is no different from saying that even if one took as an initial condition at some arbitrary scale
the coefficients a
(n)
i , n ≥ 0 to be zero, the RG flow will generate them. Thus it is clear that the
additional terms in the beta function equation for the cosmological constant (9)(23) will need to
be taken into account. It is also clear from the above that similar arguments can be made for fields
(such as the scalar field treated above), to remove the apparent ghosts that result from higher
derivative terms that are quadratic in the fields and which are generated by RG flows even if set
to zero at any given scale.
On the other hand the Deser-Redlich argument implies that at any arbitrary scale at which we
do perturbation theory, one can always find a basis in which these ghosts [16] are absent. Hence
in a theory which incorporates all higher derivative terms allowed by symmetries such ghosts are
spurious. This means that this particular ghost problem is not an issue for the AS program.
Similarly it is clear that the scalar ghost(s) coming from higher derivative terms that are quadratic
in φ are also spurious. Clearly this is a consequence of the fact that these ghosts appear at the
cutoff scale, which if the AS conjecture is valid can be pushed to arbitrarily high scales.
It is important to point out that the problem identified in [16] relates to a theory with just
the Einstein term and the curvature squared terms with no higher derivative terms. The reason
the latter can be set to zero is that this theory is renormalizable. On the other hand if we make
the field redefinition (24) to get rid of these terms to eliminate the additional (quartic) terms in
the inverse propagator, we necessarily generate higher powers of curvature. This is because the
coefficients of additional terms are not infinitesimal, so we are really doing a finite shift of the
field variable resulting in an infinite functional Taylor series. Thus the price of removing the ghost
is the loss of renormalizabilty and hence predictivity at high (close to Planck) scales - unless of
course the theory is asymptotically safe!
A different way of making the same point is that in ”R2” gravity theories one has a fixed finite
scale - the Planck scale. The aim is then to calculate scattering amplitudes not just at low energies
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but also at arbitrary energies E > MP . Since the theory is renormalizable this is possible but
given that there is a spin two ghost at E =MP the theory cannot be unitary. In the AS case the
situation is radically different. Here the calculations that can be performed are always at energies
E < Λ which is an arbitrary cutoff and if AS is valid can be taken to be arbitrarily large. The
ghost in this formulation is always at the scale Λ and hence is beyond the regime of validity of the
calculation - hence it is spurious.
When one has an infinite number of higher derivative terms, as will be the case when these
ghosts are eliminated, and in any case is a given in the AS program, one is immediately confronted
with questions of convergence and non-locality. In fact the original motivation of the Deser-Redlich
paper was to understand how the low energy expansion of string theory avoids having perturbative
ghosts as it must, since string theory (at least around asymptotically flat backgrounds) is free of
ghosts. In string theory this infinite series is expected to sum up to a non-local string field theory.
Unfortunately (in the closed string - i.e. gravity case) there is no closed form action (unlike for the
open string). What we do have are expressions for the scattering amplitudes (involving gravitons)
in a flat background10, giving well defined unitary analytic scattering amplitudes (in principle)
to all orders in perturbation theory. It is unclear what the meaning of the corresponding infinite
series in the AS program is (in other words the interpretation of the sum), if the AS program is
an alternative to, rather than a complementary way of looking at, string theory.
On the other hand one may take a more pragmatic view of the whole program. In fact this
appears to be the point of view taken by Weinberg (see for example [28]). In this approach suppose
one wishes to calculate (say) the amplitude for a scattering process involving gravitons at some
energy scale E. Then the cutoff Λ should be chosen such that Λ > E but not too much larger,
so that the calculation to some low order in perturbation theory will suffice, assuming of course
that the AS program is valid, and that the (finite number of) relevant couplings at this scale have
been determined by the RG and the (infinite number of) irrelevant couplings are all determined
by their fixed point values. Now the above discussion of ghost elimination means that we still need
to find the field redefinition (at this value of the cutoff), that eliminates all the higher derivative
propagator terms. In any practical calculation presumably one needs only to determine a finite
number of such terms (how many will depend on the desired accuracy of the calculation), since all
but a finite set can be ignored. Of course given that the S-matrix should be independent of field
redefinitions all that the above argument establishes is that an apparent (perturbative) ghost at
the cutoff scale is really a spurious state. Thus as long as one is working at an energy scale which
is below this cutoff the scattering amplitudes should not be affected.
It should be stressed that the above procedure of ghost elimination requires (for arbitrarly high
cutoff scale) a quasi-local field redefinition. This is to be expected since the starting point itself
is quasi local consisting of an infinite series in the derivative expansion. One expects that such
quasi local field redefinitions (unlike for instance the strictly non-local field redefinitons such as
that which leads to the Nicolai transformation), would leave the S-matrix unchanged. Finally let
us stress that the elimination of the higher derivative quadratic in curvatures/fields terms which
pertain to putative ghosts, depends on an iterative procedure that is valid to arbitrarily high values
of Λ the cutoff, only under the assumption that the the large cutoff limit exists - i.e. there exists
an UV fixed point. This of course is the fundamental assumption behind the AS program and
while there is considerable evidence for this, it is far from being proven yet.
10The fact that the simplest background solution for string theory is flat 10 (or 26) dimensional space is being
ignored in this discussion. Effectively what is being assumed is that the space has been compactified in to a 4d
space with some six dimensional space with fixed moduli and or some abstract CFT with the appropriate central
charge.
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